The present paper is the first of two articles aimed at constructing n-degree-of-freedom Hamiltonian systems by an algebraic approach. In molecular spectroscopy, the construction of vibrational Hamiltonian for strongly excited molecular systems by using an algebraic formalism requires the introduction by hand the operators describing the change in energy by numerous quanta and it is tedious to predict in advance the total number of operators appearing in the development.
Introduction
Since years 1990, algebraic formalisms are developed in molecular spectroscopy (e.g. [1] , [2] ). For instance, the vibrational structure of local stretching modes for tetrahedral molecules AB 4 has been studied through algebraic chains by ([3] ). To model molecular vibrations the theory of local modes (e.g. [4, 5] ) associates for each of n degrees of freedom in vibration an oscillator to each bond and to each angular deformation. When molecular systems are strongly excited or they are highly anharmonic already at small quantum numbers, this description corresponds to a treatment that is more adequate for vibrational modes * Corresponding author.
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In classical mechanics the study around a fixed point consists in writing the Hamiltonian H as a power series expansion of ǫ (ǫ is a non-dimensional parameter small compared to 1 and the different Hamiltonians appearing in the development are of the same order, and the development is up to the orderÑ , withÑ being non-zero integer): 
In this article, we consider the so-called standard normalisation ( [9] ) of n-degree-of-freedom harmonic oscillator, i.e. the Hamiltonian of the lowest order H 0 is a polynomial of the second order in dynamic variables and
, with ω k being the frequencies (1 ≤ i, j ≤ n, ω i = ω j ).
Normalisation

Hamiltonian of the lowest order: H 0
Let H(q 1 , ..., q n , p 1 , ..., p n ) be the classical vibrational
Hamiltonian of an n-degree-of-freedom Hamiltonian system with the quadratic part being that of an anisotropic
, where ω k are frequencies (1 ≤ i, j ≤ n, ω i = ω j ) and q k and p k are the non-dimensional canonical variables describing the generalized coordinates and their conjugated momenta.
Equation of motion
We introduce here the complex variables z k and z * k defined as functions of canonical variables q k and
These variables satisfy the relations:
In complexes coordinates, for 1 ≤ k ≤ n, the equations of motion are:
Hamiltonian flow
For an initial condition z 0 = (z 1,0 , ..., z n,0 ), the solution to the equation of motion is written formally as
Hamiltonian flow generated ( [10, 11] ) by H 0 .
We have:
The solutions z(t) still constitute the trajectories of the Hamiltonian flow or the orbits of the harmonic oscillator. 
Adjoint operator ad H0
The adjoint operator associated to Hamiltonian H 0 is the linear operator acting in the phase space Γ ( [13] )
. In complex coordinates, this operator reads:
Sets Ker ad H0 and Im ad H0
The complex monomials σ = z 1 α1 z 1 * β1 ...z n αn z n * βn (with n k=1 (α k + β k ) = m being the monomial degree, and α k and β k being integers) are the elements of the complex polynomials circle C(z, z * ) and are the eigenvectors of ad H0 as:
Ker ad H0 (kernel of ad H0 ) and Im ad H0 (image of ad H0 ) verify (resp.) ad H0 (σ) = 0 and ad H0 (σ) = 0.
Circles of complex polynomials invariant with the time reversal
The application of the time reversal operator τ on the
We denote by C(z, z * ) τ the sub-circle of the monomials σ invariant with respect to the time reversal ( [14] ):
Hilbert base
Due to the condition of non-resonance (3), the kernel of adjoint operator ad H0 is produced (created) by the
Ker ad H0 has a a Lie algebra structure called algebra of invariant polynomials. The generators
base ( [15, 16, 17] ). This base is unique for a non-resonant Hamiltonian ( [13] ).
The generators are invariants with respect to flow of the harmonic oscillator, i.e.:
(6) means that φ H0 t is a symplectic symmetry for the generators of the algebra ( [10, 11, 12] ); in other terms, according
Reciprocally, we know that by construction the generators
If H 0 is an invariant for the generators then, according to the "reciprocality" of the Noether theorem, φ H0 t is a symplectic symmetry for the generators. Thus we have :
In complex coordinates, the Poisson brackets between the generators read (pour 1 ≤ i, j ≤ n):
2.4.6. Normalized Hamiltonian K
We look for constructing a Hamiltonian called nor- The normalized non-resonant Hamiltonian K, with the
, is only the func-
Let us write it down as a polynomial development of σ 1 and σ 2 up to the order N (N ≥ 4 is natural integer):
In Eq. (9), the monomials are all real. Moreover, the transformation of (q k , p k ) to (z k , z * k ) is a symplectic transformation of multiplier −i, in the manner of the Hamiltonian K, we deduce that all the coefficients α are pure imaginary; q 0 , i 1 , i 2 , r i1 and r i2 are natural integers; in (9), the degree d of the monomials σ 
Independence of the coefficients
Let us write down the Jacobi equality (1 ≤ j ≤ 2):
culating the different Poisson brackets {K, σ j } and knowing that (K, σ j ) ∈ Ker ad H0 , we deduce that there is no relation between the coefficients of the development of Eq. (9): the different λ-monomials are independent between them. The Hamiltonian is described by as many monomials as the coefficients.
Case n = 3
This mathematical study can be used as a model, for example, for rigid molecules to describe local modes (stretching or bending) of triatomic non linear molecules, ABC or
The normalized non-resonant Hamiltonian K with the quadratic
is only the function of σ 1 , σ 2 and σ 3 :
Let us write down it as a polynomial development of σ 1 , σ 2 and σ 3 up to the order N : 
In case of absence of resonance between two any oscillators, let us write down K as a polynomial development (development of Dunham) of σ 1 , σ 2 , ..., σ n (with n ≥ 3 being natural integer) up to the order N : 
Counting
The counting of the number Λ of independent operators required to construct K for the case n = 3 can be presented in the form (N ≥ 6):
Let us generalize the counting formula (12) for an n-degreeof-freedom system (n ≥ 3). (σ 1 , σ 2 , σ 3 , ..., σ n ) . Moreover, for a given choice of λ generators, let us denote by N r the number of ways to realize a λ-monomial σ
, with the set of powers (r i1 , . . . , r i λ ) that should satisfy, in accordance to Eq. (11), the condition r i1 + . . . + r i λ = r. Note that
r=λ N r . We deduce from this that for the given N and λ, there is C 
As an example, Table 1 shows, for n = 3 and n = 4 the number of monomials Λ in K developed up to the order N = 8, as well as the list of monomials.
The case n = 4 can describe, for rigid molecules, two stretching non-resonant local modes and two non-resonant bending modes of tetrahedral molecules AB 3 C.
Application
Molecule ClOH (n = 3)
Conventions of notation
The molecule ClOH is a triatomic non-linear molecule of 3 vibrational degrees of freedom (n = 3). In the local limit, we attach a stretching oscillator to bond Cl-O (oscillator "1") and O-H (oscillator "3") and a bending oscillator to the angle between these bonds (oscillator "2").
n Λ monomials Hamiltonian K up to the order N = 8 for n = 3 et n = 4.
Quantum vibrational Hamiltonian
The classical relations between the non-dimensional variables {z j , z * k } = −iδ jk , are now replaced by 
Eigenbase of the HamiltonianĤ 0
The eigenstates ofĤ 0 are generated from the empty state by the relation (n 1 , n 2 , n 3 are the natural integers):
4.1.4. Numeric simulations N Λ coefficients in cm Table 2 : Number of Dunham parameters given by [18] . For the given order N (4 ≤ N ≤ 8), a line contains the number of additional operators with respect to the order N − 2.
The vibrational structure of the molecule ClOH has been studied in [18] Table 2 .
Conclusion and perspectives
The counting of number operators of an n-degree-of- 
